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A general construction procedure for geodetic blocks, starting from an arbitrary 
geodetic block is given, which unifies and generalizes many of the known general 
procedures. The construction of geodetic blocks homeomorphic to a given one is 
also analysed and the problem of Bosak on the existence of such a graph for the 
Hoffman-Singleton graph is settled in the affirmative. A simple characterization 
theorem for geodetic blocks is given and the existence of geodetic blocks with given 
girth and diameter is investigated. 
1. INTRODUCTION 
The graphs considered are ordinary (simple) graphs. For general notation 
and terminology we follow Harary [3]. We denote the ith neighborhood of 
the point v by 
Ni(v) = {u E V(G) 1 d(u, v) = i). 
Geodetic graphs were first defined by Ore [ 71 as graphs in which any pair 
of points are joined by a unique path of shortest length, that is, a unique 
distance path. Since a graph is geodetic iff each of its blocks is geodetic (see 
Stemple and Watkins [ 131) further interest was centred on the study and 
constructions of geodetic blocks. A fairly thorough study of geodetic blocks 
of diameter two has been made (Stemple [lo], Zelinka [ 15]), but not much 
information is available in the literature on geodetic blocks of higher 
diameter. The only results available seem to be some general constructions of 
geodetic blocks (Bosak [ 1 ] and Plesnik [9]). These fall generally into two 
categories (i) the graphs g(m, s), h(m, n, s), and i(m, P, n, s) described in 
Bosik [l] which consist of some complete graphs joined by suitable 
suspended arcs (an arc A [a, b] of G is called a suspended arc if deg(a) > 2 
* The second author is on leave from the A. M. Jain College, Madras and acknowledges 
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and deg(b) > 2 and all other points of A[a, b] are of degree 2); and (ii) the 
P(s) and G(n,f)s which are homeomorphs of the Petersen graph and the 
complete graphs, respectively. These have been presented as sporadic 
discoveries unrelated by a general description. 
In this paper we present a general method of construction of new geodetic 
blocks (of higher diameter) from known ones, which unifies much of the 
construction procedures described above and incidentally settles in the affir- 
mative Problem 3 posed by Bosak [ 11, whether there is any geodetic block 
homeomorphic to the Hoffman-Singleton graph [4] an different from it. In 
fact we prove this not only for the Hoffman-Singleton graph, but also for 
any geodetic block. We also analyse the general problem of construction of a 
geodetic homeomorph of a given graph and propose some characterization 
problems. 
For developing such a general construction it becomes necessary to 
generate a number of graphs with a large number of points and lines and 
check them for geodeticity. The only well-known characterization theorem 
for geodetic blocks, is the prohibited even cycle characterization of Stemple 
and Watkins [ 131, namely, “A connected graph G is geodetic iff G contains 
no even cycle Z such that for Z-opposite pairs of points x and y d,(x, y) = 
d(Z).” This was not very helpful for checking the geodeticity of a graph. In 
Section 4, we present a very simple characterization theorem’ which is easily 
implemented in a computer programme. We made extensive use of this 
simple characterization to check various graphs for geodeticity using an IBM 
3 70 computer. 
In the last section we prove that certain special KY’s settle the problem of 
existence of geodetic blocks of given diameter d and girth g < d + 4 and that, 
however, there are values for d and g like the pairs (6, 1 l), (9. 15), for which 
geodetic blocks have not yet been discovered. 
2. THE GENERAL CONSTRUCTIONS 
2.1 The G* graph 
DEFINITION. A b-cover of a graph G is a set of line-disjoint complete 
subgraphs of G which partition the set of lines of G. 
Given a graph G we construct a graph G* as follows: Let 
B = (C,, c, )...) C,) be any b-cover of G. If the point vi of G is incident 
with k complete subgraph of Q, take a start K,,, with apex viO. Label the 
other vertices of the star ui, for each integerj for which vi is adjacent to Ci. 
After doing this for each u, E V(G) join each pair of points of the form Uij, 
’ We are informed by the refkree that this is already reported in the doctoral dissertation of 
Stemple 1121. 
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Ulj (j > 1) by a line. The resulting graph is G*. We call G* the e-derived 
graph of G. 
Figure 1 illustrates the construction of G from the 13-point geodetic block 
G of diameter 2 [lo] taking for the complete subgraphs of the b-cover the 
four triangles and the remaining single lines. 
We need Lemmas 2.1 and 2.2 to prove that for a geodetic block G the b- 
derived graph G* is also geodetic. 
LEMMA 2.1. Each point of a godetic block G is incident with at least two 
of the complete subgraphs of any @-cover of G. 
Proof. If not, suppose a point v belongs to only one Ci of the Q-cover 
TF = (C,) q,..., C,). Then Ci is a subgraph of a maximal complete subgraph 
Ki of G and (V(K,) - U) E N,(u). But (N,(u)) is the union of at least two 
complete subgraphs (see Stemple [lo] for geodetic blocks of diameter 2 and 
Parthasarathy and Srinivasan [5] for arbitrary geodetic blocks). Thus there 
is at least one line incident with ZJ which is not part of K, and this line will be 
covered in Q by Cj # Ci. 
LEMMA 2.2. Let C,, C, be two nontrivial complete subgraphs of a 
geodetic block G. Let v, E C, , v2 E C,, and d&v,, v,) = 1. If the unique 
distance path between v, and v2 does not contain any other point of C, or 
C,, then there exists at most one path of length (1 + 1) between v, and v2 
that passes through another point of C, and another point of C,. 
Proof: If possible let there be two paths of length (1 + 1) between u, and 
uz through other points of C, and C,. 
Case i. Let both C, and C, be K,. Let v,, x1 E C, and v2, x, E C,. If 
there exist two paths of length (I+ 1) between u, and v2, through x, and x2, 
we have two paths of length (I- 1) between x, and x2 (see Fig. 2a). This 
contradicts the geodetic nature of G, unless d,(x,, x2) < (I- 1) which is not 
possible, because then do(v,, v2) will be less than 1. 
Case ii. LetC,beK,andC,beaK,,n>3.Letv,,x1EC,.Sincewe 
have assumed that there exist two paths of length (1 + 1) between v, and u2, 
there exist 2 points x2, y, E C, different from v,, such that d(x,,x,) = 
(I- l), d(x, , yJ = (I- 1) (see Fig. 2b). Now we have two l-paths between u2 
and xi, which contradicts the geodeticity of G since d(v,, x,) = 1. 
Case iii. Let neither C, nor C, be a K,. By our assumption we have 
points xi y, E C, and x2, y, E C, with d(x,, x2) = I- 1 and d( y,, y,) = I- 1 
as in Fig. 2c. Now there are two l-paths between x, and yz and d(x,, yz) = 1 
for if d(x,, x2) = I- 1, we end up in Case ii and if d(x,, x2) < I- 1, then 
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d(v,, v2) < I contradicting our assumption. This contradicts the geodetic 
nature of G. Hence the lemma. 
THEOREM 2.1. If G is a geodetic block, any @-derived graph G* of G is 
also geodetic. 
Proof. By Lemma 2.1, each point vi of G belongs to at least two 
complete subgraphs of the @-cover and hence each point ui of G is replaced 
by at least a X,,z with apex at uiD in G*. If d,(vi, vj) = E, then 
dG(uiO, vj,) = 31 and this 31-distance path in G* between ui,, and ujO is unique 
as the corresponding l-distance path between vi and uj in G is unique. Let us 
consider the distance path between vii and vjl in G*. If both vii and vjr lie on 
the vi,, , vjO distance path P, then d,,(ui,, vi,) = 31- 2 and if vii lies on P and 
uj, does not, then dc*(uit, uj,.) = 31 and these distance paths are obviously 
unique (see Figs. 2a and 2b). Now dc.(uiO, ujr) = 31+ 1, because 
d(u,,, vj,) = 31 and this path is obviously unique. If neither uit nor uj,. lies on 
P, then through vi,,, vi0 we have a path of length (31+ 2) between Vi, and ujr 
(as shown in Fig. 3~). 
If in G, there exists a path of length (I+ T) between vi and vi, then 
between uiO and u,,, we have a path of length 31+ 3r in G*. If uil and vjr lie 
on this path, along this path, we have a path of length (31+ 3r - 2) between 
uil and vj,,. Hence d&vi,, vi,) = 31+ 2 or 31+ 3r - 2 which ever is less and 
since r is an integer these are not equal. Now 31+ 3r - 2 will be less than 
31+ 2 iff r = 1, that is, d,*(zlil, u,,) = 31+ 1, which means that there exists a 
582b/33/2-3 
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path of length (I + 1) between ui and vj in G, through the points v, and us, 
where v, E C,, v, E C,, C,, C, E 5?. By Lemma 2.2 this path is unique. 
Hence G* is geodetic. 
Note 1. If G is of diameter d, then diameter of G* is (3d + 1) if for 
every pair of points of G at distance d every other path between these points 
is of length (d + 1); otherwise, the diameter of G* is (3d + 2). 
Note 2. A graph G for which radius r = diameter d, has itself as its 
centre and is therefore necessarily a block. Such graphs are known as self- 
centred graphs [2]. All geodetic blocks of diameter 2 are self centred 
(Stemple [lo]). We have proved [6] elsewhere that geodetic blocks of 
diameter three are also self centred. Most of the other known geodetic blocks 
are also self centred. For example the g(m, s) and h(m, n, s) graphs of 
Plesnik given in the survey article of Bosik [ 1 ] and Plesnik [9] are self- 
centred blocks. We observe here that if the b-construction described above is 
applied to a self-centred block G, we do not always get a self-centred block. 
For example, G of Fig. 1 has r = d = 2, whereas G* has d = 8 and r = 7. 
Thus our construction could yield a number of non self-centred geodetic 
blocks. 
Note 3. We observe that the derived graph G* will have minimum 
degree 6 > 3 only if none of the members of the e-cover is a K, and each 
point of G belongs to at least three members of the b-cover. Thus the 
procedure is not very helpful in obtaining new geodetic graphs in which 
every point has degree more then two. 
2.2 The G,* graph 
This is a generalization of the G* graph described above, obtained by 
replacing each line of the K,,,s in G* by a path of length s. That is, the line 
oi,,uil of G* is replaced by the path u~~v~~v~~ +s. v:~ and the lines vijv,j are left 
unaltered, to get G$. We prove in Theorem 2.2 that G: se obtained is also 
geodetic. We call G:, the q-derived graph of G. 
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THEOREM 2.2. If G is a geodetic block, the q-derived graph G,* of G is 
also geodetic. 
ProoJ The proof runs similar to that for G*. If d,(vi, vj) = 1, then 
d&v0 io, vJo) = (2s + 1) 1 and the (2s + 1) l-distance path G: between vyo, vJo 
is ‘unique as the corresponding l-distance path between v, and vi in G is 
unique. Let us consider the distance path between vy( and v,? in G,*. If both 
G and vj”r lie on the viovio distance path P, then dGz(vyt, v:) = 
(2s + 1) I- (m + n) and if ~7~ lies on P and v; does not, then dGz(vyt, vjmr) = 
(2s + 1) I- n + m and these distance paths are obviously unique. If neither 
v:~ nor v; lies on P, then through vfo and vjoo there exists a path of length 
(2s + 1) I+ (m + n). By Lemma 2.2 there exists at most one path of length 
(I+ 1) in G between vi and vj through points of C, and C, and if it exists, 
then along this path we have in G,* a path of length (2s + 1) l+ 1 + 2s - 
(m + n) between v;~ and v;. But (2s + 1) I+ 1 + 2s - (m + n) # (2s + 1)) 
I+ (m + n), for if so, we get 2s t 1 = 2(m t n) contradicting the parity of 
numbers. Hence G,* is geodetic. 
Note 4. If G is of diameter d, then the diameter of G,* is either of the 
following: 
(i) (2s t 1)d + s when, for every pair of points of G at distance d 
every other path between these points is of length (d t 1); 
(ii) (2s t 1)d t 2s otherwise. 
Note 5. If we take G to be K, and n = 0, then Gf is the same as the 
graph i(m, P, 0, s) of Plesnik) referred to by Bosik [ 1 ] and this can be 
extended to the i(m, P, n, s) graph. If G is not a K,, then G: is of the form 
i(G, P, 0, s) making an obvious generalization of the notation of Bosak. If we 
“attach” a K, to such a G,*, as is done by Plesnik to get i(Gg, n, s) from an 
i(G, P, 0, s) we do not always get a geodetic block. We think, however, if H 
is another geodetic block with same diameter as G, there is a way of 
“attaching” it to the apex points of G,* to get a geodetic block i(G, P, H, s). 
As yet it is not clear how this attachment is to be made. 
3. HOMEOMORPHIC CONSTRUCTIONS 
The graphs G,* discussed in the previous section are obviously 
homeomorphs of the corresponding G *. This observation raises the general 
question whether given a geodetic block, one can always get another geodetic 
block homeomorphic to it. This can be easily answered as follows, using a 
particular case of the construction of G,*. 
THEOREM 3.1. To every geodetic block G of diameter d, there 
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corresponds a geodetic block G z homeomorphic to G and of diameter 
d(2k + 1) + k or d(2k + 1) + 2k according as G is an odd cycle or not.’ 
ProoJ Take a P-cover for G in which each member of the cover is a K,. 
Then the graph Gc obtained as in Section 2 is obviously a homeomorph of G 
obtained by replacing each line of G by a suspended arc of length (2k + 1). 
The rest of the assertion follows from Theorem 2.2. 
COROLLARY. Therre is a geodetic graph homeomorphic to the Hofman- 
Singleton graph and different from it. (This was posed as Problem 3 by 
Bosa’k [ 1 I). 
Discussion. Notwithstanding its generality, the result of Theorem 3.1 
does not exhaust the possibilities of interesting investigations on the 
construction of geodetic blocks homeomorphic to a given one. To pose the 
problem sharply we introduce the following formalism: 
Let g: E -+ 2, be a function from the set of lines of the graph G to the 
nonnegative integers and G(g) be the graph obtained from G by replacing 
each line e E E by a suspended arc P,(,,+, of length g(e) + 1. If .F is the set 
of all such functions, then clearly, the set of all graphs homeomorphic from 
G is F(G) = {G(g) 1 g E F}. It is now obvious that the graph Gc described 
in Theorem 3.1 forms only a small subset of R(G). It will be very 
interesting to characterize precisely the subset of functions g E F which give 
geodetic blocks homeomorphic from a given geodetic block G. This problem 
does not appear to have been tackled except in the case of complete graphs 
where a complete characterization has been obtained. To describe this result 
let us define f: V+ Z, to be a function from the point set V of a graph G to 
the nonnegative integers and G(f) to be the graph obtained from G by 
subdividing each line e = uu by the introduction off(u) + f (0) new points. 
Clearly, the set Y(G) of all such graphs is a subset of z(G). Theorem 3.2 
is a consequence of the cumulative works of Stemple and Watkins [ 131, 
Plesnik [8], Zelinka [ 161, and Stemple [Ill. 
THEOREM 3.2. The set of geodetic blocks homeomorphic to K, is Y(K,). 
Note 6. The validity of this result for n > 5 is posed as Problem 1 by 
Bosik [ 11, except for a partial result by Zelinka [ 161. It has been solved by 
Stemple in [ 111. 
This theorem characterizes all line functions g on the line set of a K, 
which produce homeomorphic geodetic graphs as those which are induced 
produce homeomorphic geodetic graphs as those are induced by the point 
function f: In this context, Theorem 3.1, states that constant point functions f 
‘The referee points out that this has been reported in the doctoral dissertation of Stemple 
[121. 
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on any geodetic block induce line functions which generate homeomorphic 
geodetic blocks. That the converse is not true is easily demonstarted by the 
Plesnik graph P(s) (see [ 1, Fig. 111) which are geodetic homeomorphs of the 
Petersen graph, but are not generated by any point function. In attempting to 
characterize those line functions which produce a geodetic homeomorph of a 
general geodetic graph we may pose Problems 1 and 2. 
PROBLEM 1. Which geodetic blocks G with a perfect matching A4 admit 
a line function g taking a constant value on the lines of M and zero 
elsewhere, such that the resulting G(g) is a homeomorph of G? 
PROBLEM 2. Which geodetic blocks G that are Hamiltonian admit a line 
function g taking a constant value on the lines of a Hamiltonian cycle C and 
zero value elsewhere, such that the resulting G(g) is a homeomorph of G? 
Let us denote the class of graphs defined by the properties in Problems 1 
and 2, by P( 1) and P(2), respectively. The graphs P(s) of Plesnik [8] (see [ 1, 
Fig. 1 l]), shows that the Petersen graph is in P(1). But a large class of 
graphs do not belong to P( 1). For example, the graphs K, and KY’ do not 
belong to P(1) as we shall show. 
Given a graph K,, let its points be called basic points. The graphs Kc’ 
defined by Plesnik in [8], are obtained by successively subdividing all the 
lines incident with a basic point. More elaborately, K’,” is obtained by 
subdividing all the lines incident with ij (different) basic points j times each 
(1 ,<j< k) such that li, + 2i, + ... + ki, = i. It is easy to see that the class 
of graphs {Kz’, i an integer} is the same as the class of graphs F(K,) of this 
paper. Therefore by Theorem 3.2 a geodetic homeomorph of a K, has to be 
Kc’ and obviously a graph obtained from a K, by the procedure of 
Problem 1 is not a Kt’. Thus K,‘s do not belong to P(1). 
To see whether a Kz’ belongs to the class P(l), we first prove 
LEMMA 3.1. Graph Kt’ has a perfect matching only when i is even, and 
n is even. The converse is true only for n < 4. 
Proof. Clearly, ( V(Kz’)I = n + i(n - 1) is even only when n is even, and i 
is even. To see that the condition is not sufftciently for a Kz’ with n > 6, 
consider such a Kf’ with n, points of division on each line from the ith basic 
point. Choose the ni such that four of them are odd, say n, , n,, n3, n4 and 
the others even. Then S = {a,, a,, aI, a,, a,, a6} has O(Kz’ - s) = 8 = 
] S ] + 2, so that in Sumner’s [ 141 terminology S is an antifactor set and by 
Tutte’s theorem, Kz’ has no perfect matching. 
The sufficiency condition is trivially true for n = 2. Considering KY’ we 
see that the possible antifactor sets are the various subsets of the set of basic 
points (a,, a*, a3, a,). Of these all except the whole set S = {a,, a,, a,, a,] 
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are easily verified to be not antifactor sets. For S itself K:” - S has 6 
components, each a path (on n, + nj points). We have maximum number of 
odd components when one n, (say n,) is odd and the others are even (or the 
reverse parity case), but even then we have only 3 odd components. Thus S 
is not an antifactor set and KY) has a perfect matching. 
From the above we see that KY) has a perfect matching whenever i is even. 
We prove (Theorem 3.3), however, that these KY’s do not belong to P(1). By 
the characterization of planar geodetic graphs [ 131 we see that none of them 
is in P( 1). But the status of the membership in P(1) is undecided for many 
other infinite families of geodetic graphs as, for example, the G(q, q) graphs 
for q = 2” (see Bosik [ 11) and the undiscovered graphs of specified girth and 
diameter to be mentioned in Section 5, the graphs Kr’ (n >, 5) and also the 
Hoffman-Singleton graph and the 57-regular unknown Moore graphs. 
THEOREM 3.3. The graph obtained by replacing each line of a perfect 
matching of a KY’ by a suspended arc P,,, is not geodetic. 
Proo$ Let us denote such a graph by KyqSi. It is enough to prove that 
K,(i, s) is not a cannonical wheel. (See [ 131 for definition.) 
Let nj be the number of subdivisions on the lines from the basic point aj 
and i= n, + rz2 + n, + n4 be even. If KY’ has a perfect matching A4 then the 
following cases arise: 
(i) If nj + nk is odd, then only one end of the suspended arc joining aj 
and ak is matched by M. 
(ii) If nj + nk is even, then either both ends of the suspended are 
joining aj and ak are matched or both ends are unmatched by a chosen 
perfect matching. 
The restriction that i is even, leaves only two cases for consideration: 
(a) either all nj’s are odd or all are even. 
(b) two of the nj’s are odd and the other two even, 
(a) Let all the nis be odd or all even. Then since nj + nk is even each Pjk 
has either both ends matched or both ends unmatched, where Pjk is the 
suspended are of length nj f nk + 1 joining the basic points aj, ak of KY’. 
Suppose P,, has both ends matched by a perfect matching M, then P,, also 
has both ends matched in M and A4 has (n, + n4 + 2)/2 lines on P,, and 
(nz + n3 + 2)/2 lines on P,,. 
The sum of the number of points of KY,‘) on the segments P,, and P,, is 
then [(n, + n2 + n3 + It, + 4)/2] s + n, + n, + n3 + n4 + 4. Similarly, the 
sum of the number of points of Kf/,‘) on the segment P,, and P,, is 
[(n, + n2 + n3 + Q/2] s + (n, + n, + n3 + n,) + 4. Since these’ two are not 
equal 3 KY*‘) is not a cannonical wheel (see Fig. 4a). 
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(b) Let n,, n2 be odd and n3, n4 even. Here we have to consider two 
cases: 
(i) Each of P,4, P3r, Pz3, P,, have one end matched and P34, P,, 
have both ends unmatched (Fig. 4b). 
(ii> PI4 and P,, have one end matched, P,, has both ends matched 
and P,, has both ends unmatched (Fig. 4~). By arguments similar to those in 
case (a), here also we can verify that Kf*S) is not a cannonical wheel. 
Regarding the class P(2) we know that odd cycles belong to this class and 
the K,‘s do not belong to it since any geodetic homeomorph of a K, has to 
be a Kt’. Considering the membership of KI;” to this class we see that for 
n > 3 (and i > 1) no KY’ is Hamiltonian, since any graph with 3 independent 
points of degree 2 each, adjacent to a common point is not Hamiltonian. The 
cubic Hamiltonian geodetic block of diameter 4 in [ 1, Fig. lo] does not 
belong to P(2). Perhaps only the odd cycles belong to the class P(2). 
4. A SIMPLE CHARACTERIZATION 
During the investigations reported in the earlier sections, it became 
necessary to generate a number of graphs with a large number of points and 
check them for geodeticity. 
A PL-1 programme was written to generate G* from a geodetic block G 
using which a number of graphs f the type G* with different base graphs G 
and different @-covers were generated. Their geodeticity was tested by 
another programme based on the following characterization of a geodetic 
graph: 
THEOREM 4.1 (the unique predecessor theorem). A graph G is geodetic 
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iff for ever-v v E V(G) each point of N,(v) is adjacent to a unique point of 
N,-,(v) for each r with 2 < r < d. 
ProoJ Suppose for some u E V(G) and some r (2 < r < d) there exists a 
point z E N,(v) adjacent to two points z,, z2 of N, ,(v). Then d(v, z) = r 
and there are two distance paths between v and z one through z, and the 
other through z2 and hence G is not geodetic. Conversely, if G is not 
geodetic, then there exists pairs of points which have more than one distance 
path. Among ail such pairs, choose one (x,, x2) such that d(x,, x2) is 
minimum, say r. Clearly, x1 E N,(x,) and x2 is adjacent to two points of 
N,-,(x,). Hence the theorem 
5. CONSTRUCTION OF GEODETIC BLOCKS WITH GIVEN 
GIRTH AND DIAMETER 
The constructions described in Section 2 do generate geodetic blocks of 
arbitrarily large diameter and girth, but leaves open the question whether 
given an odd integer g and an integer d, there exists a geodetic block with 
diameter d and girth g. In this section we prove the existence of self-centred 
and non self-centred geodetic blocks for certain specified values of g and d 
and demonstrate that there are certain pairs of values of g and d for which 
none of the construction procedures known so far provide a geodetic block. 
THEOREM 5.1. For any odd integer g > 3 (respectively, >7) and any 
integer d > (g - 2) (respectively, >( g - 4), d # 3) there exists a self-centred 
(respectively, non self-centred) geodetic block on (3d + 1) points with girth g 
and diameter d. 
Proof: We construct two families of graphs which prove the existence 
asserted in the theorem. 
Family I. Let C be a cycle of length (2d + 4 -g). Let us label the 
points of C with nonnegative integers 0, 1, 2,..., (2d + 3 -g). Join 
(2d + 3 - g)/2 and (2d + 5 - g)/2 by a path of length (g - 1) introducing 
(g - 2) new points labelled (2d + 4 - g),..., (2d + 1). Join 0 and (2d + 3) - 
4( g + 1) by a path of length d introducing (d - 1) new points labelled 
2d + 2, 2d + 3,..., 3d. The resulting graph G (see Fig. 5) is a geodetic block 
of diameter d and girth g which is self centred. 
Family II. Let C be a cycle of length (2d + 8 -g). Let us label the 
points of C with nonnegative integers 0, 1, 2,..., (2d + 7 -g). Join 
(2d + 5 - g)/2 and (2d + 11 - g)/2 by a path of length (g - 3) using 
(g - 4) new points labelled (2d + 8 -g),... (2d + 3). Join 0 and (2d + 7) - 
$( g + 3) by a path of length (d - 2), introducing (d - 3) new points labelled 
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(2d + 4),..., 3d. The resulting graph G (see Fig. 6) is a non self-centred 
geodetic block with girth g and diameter d. 
In either case one can easily verify that the graph G constructed has 
diameter d and girth g and has no even cycle of length less than or equal to 
2d, so that it is also geodetic. In the first case the eccentricity of every point 
can be verified to be d and in the second case one observes that the eccen- 
tricity of the point labelled (2d + 7) - f( g + 3) is (d - 1) so that the graph 
is non self-centred. 
Note 7. It is not difficult to see that the graphs in Family I and II are 
KY%. For a given value of the diameter d, the range of values for the girth g 
goes only upto d + 2 and d + 4 in these cases. We know there are geodetic 
blocks of diameter d and girth g= 2d + 1, namely, the cycles Czd+,. We 
now investigate the interesting question of the existence of geodetic blocks 
with given diameter d and girth g for values of g > d + 2 (respectively, d + 4 
for non self-centred blocks) and g # 2d + 1. One way is to attempt a 
construction using G$ of Theorem 3.1. If we start with a basic graph G with 
girth g and diameter d, Gz has girth g’ = g(2k + 1) and diameter d’ = 
d(2k + 1) + 2k. To get a graph with specified girth g’ and diameter d’, we 
may start with these equations and try to solve for g and d giving trial values 
for k. If g’ is prime, this forces 2k + 1 = 1, that is, k = 0. The basic graph 
should have girth g’ and diameter d’, that is, this procedure does not yield 
the required graph. Thus outside the above two families of graphs we find we 
have no graphs for certain pairs of integers (d, g) for diameter and girth like 
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(6, 1 l), (7, 13), (8, 13), (9, 17). Even when g’ is composite we do not always 
get a solution to the above equations. Thus while g’ = 15, d’ = 8 has a 
solution k = 1, g = 3, d = 2; the equations g’ = 15, d’ = 9 have no solution. 
In fact (9, 15) is also a pair of values for (d, g) for which we have not been 
successful in getting a geodetic block. 
One may observe in this connection that the graphs of Theorem 5.1 were 
obtained as examples of K:” and wonder whether starting with other Kc’ 
(n > 5) we may be able to increase the range of values of g for a given value 
of d. Theorem 5.2 determines the values of g and d for a general Kt’ (n > 5). 
THEOREM 5.2. If G is a Kf’ (n > 5) obtained by subdividing each line 
from a basic point at least k (al) times, then the girth and diameter of G are 
given by g = 3 + 6k + 2(c, + e3) and d = 4k + 1 + (e,, + e,l + e,,), where 
e, =Q e,, e3 are the three least and e,,, e,2, e,, are the three greatest 
excesses over k of the number of subdivisions of the lines from the basic 
points of K, . 
Proof. If the number of subdivisions of the lines from the basic points of 
K,, arranged in nondecreasing order, are t,, t,, t, ,..., tn, we have min(t,) = k 
and the excesses over k are e, = ti - k (with e, = 0). It is easy to see that the 
smallest cycle of G obtained from the basic triangle of K, joining the points 
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corresponding to the least three t/s. The formula for the girth comes from 
this. 
The diameter is fixed as follows: If a,, a,, a3 are the 3 basic points with 
maximum excesses em,, emI, em3 in order, then the maximum induced cycle is 
the one determined by a,, a*, a3 and of length 6k + 3 + 2(e,, + emz + emj). 
The diametrically opposite points on this are at distance 
3k + 1 + e,, + em, t em3. If b is the point diametrically opposite to a, in this 
cycle and c is the point on the suspended are a, - a4 at distance k from a,, 
where a, is another basic point, then the diameter is d(b, c) = 4k t 1 t 
em, + em2 + em,- Hence the theorem is established. 
It is not difficult to verify that there is no suitable set of values for 
parameters in equations of Theorem 5.2 leading to d = 6, g = 11. It appears 
therefore that entirely new methods may have to be discovered to generate 
geodetic blocks for these missing (d, g) values. It may also have to be 
investigated whether there are prohibited pairs of values (d, g) for which 
corresponding geodetic blocks do not exist. These observations we collect as 
our omnibus problem. 
PROBLEM 3. Does there exist a geodetic block with a given diameter d 
and any odd girth g < 2d + 1 and if so how do we construct it? For what 
pairs of values d and g does there exist a Hamiltonian geodetic block? 
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